Abstract. Let X be e quasi-compact and semi-separated scheme. If every flat quasicoherent sheaf has finite cotorsion dimension, we prove that X is n-perfect for some n ≥ 0. If X is coherent and n-perfect(not necessarily of finite krull dimension), we prove that every flat quasi-coherent sheaf has finite pure injective dimension. Also, we show that there is an equivalence K(PinfX) −→ D(FlatX) of homotopy categories, whenever K(PinfX) is the homotopy category of pure injective flat quasi-coherent sheaves and D(FlatX) is the pure derived category of flat quasi-coherent sheaves.
Introduction
In this paper, X denotes a quasi-compact and semi-separated scheme, O X -modules are quasi-coherent sheaves on X and all rings are commutative with identity.
Let QcoX be the category of O X -modules. An O X -module F is called flat if for each p ∈ X, F p is a flat O X,p -module or equivalently the the functor F ⊗ O X − : QcoX −→ QcoX is exact. In [EE, 4.2] , the authors proved that the pair (FlatX, CotX) is a complete cotorsion theory in QcoX, whenever FlatX is the class of all flat O X -modules and CotX={G ∈ QcoX : ∀F ∈ FlatX, Ext 1 X (F, G) = 0}, is the class of all cotorsion O Xmodules. So, for a given O X -module G, we can define cdG(the cotorsion dimension of G).
In this paper we study those schemes X such that over them every flat O X -module has finite cotorsion dimension. If X is affine, then every flat O X -module has finite projective dimension and so there exist an integer n ≥ 0 such that for each flat O Xmodule F, pdF ≤ n(the projective dimension of F). Unfortunately, this argument is not true when X is non-affine, since there is no non-zero projective O X -modules. In the following result we make a proof to such case. (ii) X is n-perfect for some integer n ≥ 0.
Setup. In this paper, U = {SpecA i } m i=1 denotes a semi-separating cover of X(i.e. each intersection of elements of U is also affine).
Cotorsion envelope of bounded complexes
Let C b (QcoX) be the category of bounded complexes of O X -modules, C b ac (FlatX) be the category of bounded acyclic complexes of flat O X -modules and C b (CotX) be the category of bounded complexes of cotorsion O X -modules. In this section, we prove that the pair (
and it has enough projectives.
For notations and definitions see [HS] and [EJ] . 
be the flat cover of P. Then the pullback of i and p completes the proof. 
where F is flat and C is cotorsion.
Proof. By [Sp] , there exists a quasi-isomorphism f : X[−1] −→ I, with I is a bounded complex of injective O X -modules. By Lemma 2.1, we construct the short exact sequence 0
/ / 0 , with F is flat and C ′ is cotorsion complex. Then the pullback of the morphisms F / / cone(f ) and I / / cone(f ) completes the proof.
. By Theorem 2.3, there exist an exact sequence 0 / / C / / F / / X / / 0 , of complexes, with F is flat and C is cotorsion. By assumption this is split exact sequence. Then
is a cotorsion theory which is complete by Theorem 2.3.
Corollary 2.5. Every bounded complex of O X -modules admits flat cover and cotorsion envelope.
cotorsion dimension of flat O X -module
In this section we prove that if every flat O X -module has finite cotorsion dimension then X is n-perfect for some n ≥ 0.
Definition 3.1. Let n ≥ 0 be an integer. X is called n-perfect if n = sup{cdF|F ∈ FlatX}.
Theorem 3.2. Let for each 1 ≤ i ≤ m, every flat A i -module has finite cotorsion dimension. Then X is n-perfect for some n.
Proof. Let F be a flat O X -module and
be itsČheck resolution. By assumption, for each 0 ≤ i ≤ m − 1, C i (U, F) has finite cotorsion dimension, then by Theorem 2.4 there exist a resolution
of G by flat complexes of O X -modules, where C 0 , C 1 , ..., C n−1 are cotorsion complexes and C n is a flat complex such that for each i > 0, C i n is cotorsion. Then the flat complex
is a cotorsion resolution of F. Proof. With out lose of generality we can assume that i = 1. Let F be a flat A 1 -module, f : U 1 −→ X be the inclusion and
/ / · · · , be its minimal cotorsion resolution. By construction, C F is a pure acyclic complex of flat A 1 -modules. Apply the exact functor f * and get the pure acyclic complex
In fact, it is a cotorsion resolution of f * F . The assumption implies that Imf * δ n−1 is cotorsion for some integer n. So the exact sequence
of flat O X -modules splits. Then C n = Imδ n−1 ⊕ Imδ n . It follows that cdF ≤ n.
Proof of Theorem 1.1. (i) −→ (ii) If every flat O X -module has finite cotorsion dimension. Then by Theorem 3.3, for each 0 ≤ i ≤ m, every flat A i -module has finite cotorsion dimension. So, for each i there exist an integer n i ≥ 0 such that A i is n iperfect. Therefore the proof of Theorem 3.2 implies that X is n-perfect for some integer n ≥ 0.
(ii) −→ (i) Clear.
Theorem 3.4. A scheme X is n-perfect if and only if for every
Proof. Let X be n-perfect, G be an O X -module and 0 / / C / / F ′ / / G / / 0 be the flat cover of G. Then for any flat O X -module F we have the following exact sequence
Then Ext n+1 X (F, G) = 0 and hence cd G ≤ n. The converse is trivial. Now by using the main Theorem of [Si] we give examples of non-noetherian n-perfect schemes of infinite Krull dimension.
Example 3.5. Let R be a ring, |R| ≤ ℵ n for some n ≥ 0, A = R[x 1 , x 2 , ...] be the polynomial ring of infinite indeterminate and
be an open subscheme of SpecA. Then X is a non-noetherian non-affine scheme of infinite krull dimension(for definitions and notations see [H, II.2] ). By the same argument that used in the proof of Theorem 3.2 we deduce that X is k-perfect for some k.
Example 3.6. Let T be a topological space of cardinality at most ℵ n for some integer n ≥ 0. If T is not p-space, then the commutative ring C(T), the ring of real valued continuous functions on T, is a non-noetherian (n + 1)-perfect ring of infinite krull dimension. For example the metric space R(real numbers) is not a p-space.
Example 3.7. If R is a noetherian ring of finite krull dimension n. Then it is n-perfect.
Example 3.9. The Nagata's example of a noetherian ring of infinite krull dimension is n-perfect for some integer n, see[Appendix, Example 1] [Na] 3.1. Pure injective dimension of flat O X -modules. Recall that an exact sequence 0 
, and f i : U i / / X be the inclusion. Then F * and F * * are pure injective O X -modules and F −→ F * * is a pure monomorphism.
In this subsection we let X be a coherent scheme. Recall that X is called coherent if A i is a coherent ring for each 1 ≤ i ≤ m Proof. Let 0 / / F / / C / / G / / 0 be the cotorsion envelope of F. Since F is flat then this sequence is pure and hence it is split.
Let F be a cotorsion O X -module and 0 / / F / / F * * / / F * * F / / 0 be its pure injective preenvelope. Since F and F * * are flat O X -module then F * * F is also flat and so this sequence is split.
Let K(PinfX) be the essential image(in the sense of [HS] ) of the homotopy category of complexes of pure injective flat O X -modules in K(FlatX). Proof. The pair (K p (FlatX), K(PinfX)) is a complete cotorsion theory in K(FlatX) in the sense of [HS] . Then there is an equivalence K(PinfX) −→ D(FlatX) of homotopy categories.
